Introduction
Quasilinear elliptic problems having singular solutions have aroused a considerable interest in recent years. See for example Díaz [1] , Kilpeläinen [5] , Mou [10] , Grillot [3] , Simon [11] , Korkut, Pašić, Žubrinić [7] , [8] , Žubrinić [12] , and the references therein. The aim of this note is to extend the oscillation estimate stated in [7, Theorem 7] (see also [8, Theorem 3] ). This will enable us to derive that if the right-hand side of a quasilinear elliptic equation possesses a singularity of sufficiently high order at a given point, then any weak solution is singular at the same point, see Corollary 1.
To make suitable comparisons, we consider the following quasilinear elliptic problem of Leray-Lions type:
where Ω is a domain in
loc (Ω) is given, and u ∈ W 1,p loc (Ω) is a weak solution. Here 1 < p < ∞ and a(x, η, ξ) is a Carathéodory function with values in N satisfying conditions of Leray-Lions type, see [9] :
In [7, Theorem 7] we have obtained the following result: if u ∈ W 1,p loc (Ω) is a supersolution of (1), then for any ball B 2r (x 0 ) ⊂ Ω such that f (x) 0 a.e. on B 2r (x 0 ) we have the a priori estimate (4) ess sup
u ess inf
Here b is an explicit constant given by
Using the above estimate it is possible to show that if f (x) has a singularity of order γ at x 0 , that is,
in a neighbourhood of x 0 , and p < γ < N , then any supersolution u is singular at x 0 . More precisely, osc x0 u = ∞, where the oscillation of u at the point x 0 is defined by (6) osc
In [12, Theorem 3] we have improved this result in the case when instead of a Leray-Lions type operator − div a(x, u, ∇u) on the left-hand side of (1) we have a p-Laplace operator (1) such that u 0 in a ball B r (x 0 ) for some r > 0, has a singularity of order at least
Moreover, we have obtained an explicit and sharp lower bound of u(x) in the ball, see [12] :
In proving this we have used some explicit computations together with Tolksdorf's comparison principle.
Here we obtain an analogous result for a class of quasilinear elliptic differential operators which is narrower than the Leray-Lions class, but still includes the case of p-Laplace operators. Furthermore, we allow Radon measures on the right-hand side:
More precisely, we consider a Carathéodory mapping
for a.e. x ∈ Ω and all ξ, ζ ∈ N , where a 2 is a positive constant, and for all λ ∈ , (12)
The corresponding quasilinear elliptic operator − div A (x, ∇u) is said to be of p-Laplacian type. Such operators are discussed in detail in Heinonen, Kilpeläinen and Martio [4] . In order to state our main result, we recall some terminology introduced in [4] . First, any solution u ∈ W Now we list some basic properties of A -superharmonic functions. u.
(ii) If u is A -superharmonic, then u(x) = lim r→0 ess inf Br (x) u holds for all x ∈ Ω.
Furthermore, if u ∈ W 1,p loc (Ω), then it satisfies (13). The main result of this paper is the following. Theorem 1. Assume that A (x, ξ) satisfies conditions (10)- (12) 
Under the conditions of Theorem 1 we conclude that
for all x ∈ Ω, where d(x, ∂Ω) is the distance from x 0 to the boundary of Ω.
As we see, when we deal with Leray-Lions operators of p-Laplacian type, then Theorem 1 gives us a better estimate than (4) u(x) ess inf
Proofs
Let µ be a nonnegative Radon measure on Ω. The Wolff potential of µ in a ball B r (x) is defined by
The following result due to Kilpeläinen and Malý [6] is crucial in proving Theorem 1. We state it here in a slightly different form.
Theorem 2. Let µ be a nonnegative Radon measure, B 2r (x) ⊆ Ω, and let u be a supersolution to problem (9) . Then there exists a constant C = C(p, N ) > 0 such that
Then by the assumption we have µ K, and therefore for any t ∈ (0, r),
where |B t (x)| is the Lebesgue measure of B t (x) and C N is the volume of the unit ball in
Now using Theorem 2 we obtain
u(x) ess inf
The claim follows with
of Corollary 1. Let us fix x ∈ B R/2 (x 0 ) and define r = |x − x 0 |. Then clearly, B 2r (x) ⊂ B R (x 0 ). Using estimate (15) and |y − x 0 | |y − x| + |x − x 0 | 2r, we obtain that u(x) ess inf
As we see, in order to have precise values of constants b 1 and D appearing in (15) and (17), respectively, it would be necessary to know the precise value of c 1 = c 1 (p, N ) in Theorem 2.
In [8, Corollary 15] it has been shown that if x 0 is a boundary point of Ω having a weak cone property and f (x) C/|x − x 0 | γ with γ = p, then any supersolution of (1) has a singularity in x 0 with at least finite, positive oscillation. We say that a point x 0 ∈ ∂Ω has a weak cone property if there exists d ∈ (0, 1) and a sequence of balls
It is easy to see that if a boundary point x 0 has the cone property, then it has the weak cone property. The converse is not true. Cusps do not have weak cone property.
Here we provide an example showing that a finite and positive oscillation of supersolution u ∈ W 1,p (Ω) at a boundary point x 0 of the domain can indeed be achieved, provided Ω has the weak cone property at x 0 . We consider a distribution equation
where Ω ⊂ N , N > 2, x = (x 1 , . . . , x N ). In order to define the domain Ω, we introduce polar coordinates (r, θ 1 , . . . , θ N −1 ) in N , where r 0, θ 1 ∈ (0, 2# ), θ i ∈ (0, # ) for i = 2, . . . , N − 1, and
. . . It is easy to see that 0 ∈ ∂Ω and Ω has the cone property at x 0 = 0 (and also at any x 0 ∈ ∂Ω). If we denote the right-hand side of (21) 
